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LOWER BOUNDS FOR DERIVATIVES OF POLYNOMIALS AND

REMEZ TYPE INEQUALITIES

TAMÁS ERDÉLYI AND PAUL NEVAI

Abstract. P. Turán [Über die Ableitung von Polynomen, Comositio Math. 7
(1939), 89–95] proved that if all the zeros of a polynomial p lie in the unit inter-

val I
def
= [−1, 1], then ‖p′‖L∞(I) ≥

√
deg(p)/6 ‖p‖L∞(I) . Our goal is to study

the feasibility of limn→∞ ‖p′n‖X/‖pn‖Y = ∞ for sequences of polynomials
{pn}n∈N whose zeros satisfy certain conditions, and to obtain lower bounds
for derivatives of (generalized) polynomials and Remez type inequalities for
generalized polynomials in various spaces.

1. Introduction

Markov and Bernstein type inequalities yield estimates of various norms of the
derivatives of polynomials in terms of the (possibly different) norms of the poly-
nomials themselves. For instance, the original A. A. Markov (cf. [11, p. 141])
inequality states that 1

‖p′‖L∞(∆) ≤
2[deg(p)]2

|∆| ‖p‖L∞(∆)(1)

for every algebraic polynomial p and interval ∆ ⊂ R. Inequality (1) is sharp; if
n ∈ N and p is the first kind Chebyshev polynomial of degree n associated with the
interval ∆, then (1) turns into an equality. Such inequalities play an essential role
in proving inverse type theorems for approximation by polynomials; they are the
crucial ingredient of Bernstein’s machinery. It didn’t take long to realize that (1) is
no longer optimal for polynomials satisfying additional conditions. For instance, if
p vanishes at the end points of ∆ then according to a (sharp) inequality of I. Schur
[15, Theorem IV, p. 282]

‖p′‖L∞(∆) ≤
2[deg(p)] cot π

2 deg(p)

|∆| ‖p‖L∞(∆) .(2)
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Under the even more restrictive condition that all the zeros of p are real and lie
outside ∆, P. Erdős [6, Theorem p. 310] and, according to P. Erdős, J. Erőd 2

proved the (asymptotically sharp) inequality

‖p′‖L∞(∆) ≤
e deg(p)

|∆| ‖p‖L∞(∆) .(3)

It was their good friend P. Turán [16] who asked the very natural question as to
estimating polynomials in terms of their derivatives. He proved that, if all the zeros

of p lie in the unit disk D
def
= { z : |z| ≤ 1 }, then

‖p′‖L∞(D) ≥
deg(p)

2
‖p‖L∞(D)(4)

[16, Satz I, p. 90], and, if all the zeros of p lie in the unit interval I
def
= [−1, 1], then

‖p′‖L∞(I) ≥
√

deg(p)

6
‖p‖L∞(I)(5)

[16, Satz II, p. 91]. As a matter of fact, Turán proved that

|p′(z)| ≥ deg(p)

2
|p(z)|, z ∈ ∂D ,(6)

as long as all the zeros of p lie in D, from which not only (4) follows but also3

‖p′‖Lrdµ(∂D) ≥
deg(p)

2
‖p‖Lrdµ(∂D) ,(7)

for all 0 ≤ r ≤ ∞ and for all nonnegative Borel measures µ on the unit circle ∂D.
The proof of (6) is surprisingly natural and easy, as opposed to the rather techni-

cal and counterintuitive proof of (5). Therefore, the analogue of (7) for polynomials
with real zeros was and is a much more delicate problem. As a matter of fact, no
such inequality is known in weighted Lq spaces.

The strongest result to date is due to S. P. Zhou [18, Theorem 4, p. 314], who
proved that, if 0 < r ≤ q ≤ ∞ and 1 ≥ 1/r−1/q, then the inverse Markov-Nikol′skĭı
type inequality

‖p′‖Lr(I) ≥ C [deg(p)]
1
2−

1
2r+ 1

2q ‖p‖Lq(I) ,(8)

holds with a constant C = C(r, q) > 0 for every polynomial p whose zeros lie in the
interval I. We refer to the references of [18, pp. 117–118] for a list of papers on this
subject.

Our goal is to study a less ambitious analogue of (7). Namely, in Theorem 2 we
investigate the feasibility of

lim
n→∞

‖p′n‖X
‖pn‖Y

= ∞(9)

for sequences of polynomials {pn}n∈N whose zeros satisfy certain conditions.
Our interest in this problem originates from the study of necessary conditions

for the convergence of various approximation processes when one desperately needs

2We thank József Szabados for finding out from Paul Erdős that Erőd never published his
result.

3Here and in what follows, if µ ≥ 0 is a measure or w ≥ 0 is a function in a set Ω, then

‖ · ‖Lpdµ(Ω)
def
=
(∫

Ω
| · |p dµ) 1

p and ‖ · ‖Lpw(Ω)
def
=
(∫

Ω
| · |pw) 1

p , respectively. For convenience, we

will use these notations for all 0 < p <∞. If µ is the Lebesgue measure or w ≡ 1, we will simply
write ‖ · ‖Lp(Ω).
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limit relations such as (9). Luckily, in most applications one has the necessary
information about the zeros of the polynomials.

Definition 1. Given a polynomial p and a set Ω ⊂ C, the number of zeros of p in
Ω, counting multiplicities, is denoted by ZΩ(p).

Our inverse Markov-Nikol′skĭı type inequality is the following theorem.

Theorem 2. Let 1 ≤ r ≤ ∞, 0 < q <∞, ` ∈ N, and m ∈ N. Let {∆k ⊂ R}mk=1 be
a collection of disjoint bounded intervals of positive length, and let Ω be a bounded
domain in C+. 4 Let ∆ =

⋃m
k=1 ∆k. Let u : ∆ → R+, v : ∆ → C, and w : ∆ → R+

be such that w ∈ L1(∆), u is positive on a subset of ∆ with positive Lebesgue
measure, (|v|u)qw ∈ L1(∆), v 6= 0 on a subset of ∆ with positive Lebesgue measure,
and v(`−1) is absolutely continuous in every closed subinterval of the interior of each
∆k, k = 1, 2, . . . ,m. Assume that for each k = 1, 2, . . . ,m, either u−1 ∈ L∞(∆k)
or else the function u is bounded and monotonic in ∆k. Let {pn}n∈N be a sequence
of algebraic polynomials with zeros in C+ such that limn→∞ ZΩ(pn) = ∞. Then

lim
n→∞

‖(pnv)(`)u‖Lr(∆)

‖pnvu‖Lqw(∆)

= ∞ .(10)

Remark 3. Without some restrictions on the location of the zeros of {pn}n∈N, for-
mula (10) is not necessarily true. One of the many examples may be given by

pn(x)
def
= 1 + xn with r = 1, u ≡ 1, v ≡ 1, and ∆ = [0, 1]. Then all the zeros of pn

are in the unit disk, but

‖p′n‖L1(∆)

‖pn‖Lqw(∆)

≤ 1(∫
∆ w

) 1
q

.

Other examples for

lim sup
n→∞

‖(pnv)(`)u‖Lr(∆)

‖pnvu‖Lqw(∆)

<∞

may be based on the inequality

|p′(x)|
|p(x)| ≤

deg(p)

dist{x, zeros(p)} ,

which follows from the partial fraction decomposition of p′/p .

Remark 4. In general, the weight w in (10) cannot be replaced by positive Borel
measures. For instance, if ∆ = [a, b], u is bounded and nondecreasing on ∆, v ≡ 1,
and dµ = wdx+Jδ(x− b), that is, we have a mass J at b, and if pn ≥ 0 and p′n ≥ 0
in ∆, then

‖p′nu‖L1(∆)

‖pnu‖Lqdµ(∆)

≤ 1

J
1
q

.

Therefore, it may be interesting to find out what class of positive Borel measures
could replace w in (10).

4Here and in what follows, R+ def
= { x ∈ R : x ≥ 0 }, C+ def

= { z ∈ Z : <z ≥ 0 }, and

Z+ def
= { n ∈ Z : n ≥ 0 } ≡ N ∪ {0}.
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Remark 5. Clearly, (|v|u)qw ∈ L1(∆) must hold. In addition, w ∈ L1(∆) cannot be
omitted either. To see this, take, for instance, r = 1, q = 1, pn(x) = xn, ∆ = [a, b]
with |a| < |b|, v(x) ≡ 1, u(x) ≡ (b − x), v ≡ 1, and w(x) ≡ (b − x)−1. Then the
limit in the right-hand side of (1) is equal to 1.

Remark 6. If 0 < r < 1 then (10) is no longer valid for every 0 < q <∞. Take, for
instance, pn(x) = xn, ` = 1, and ∆ = [0, 1], and let u ≡ 1, v ≡ 1, and w ≡ 1. Then
the right-hand side of (10) is finite whenever 1 ≤ 1/r − 1/q, that is, if 0 < r < 1
and q ≥ r/(1− r).

Corollary 7. Let 1 ≤ r ≤ ∞, ` ∈ N, and m ∈ N. Let {∆k ⊂ R}mk=1 be a collection
of disjoint bounded intervals of positive length, and let Ω be a bounded interval in
R. Let ∆ =

⋃m
k=1 ∆k. Let u(≥ 0) ∈ Lr(∆) be positive on a subset of ∆ with

positive Lebesgue measure. Assume that for each k = 1, 2, . . . ,m, either u−1 ∈
L∞(∆k) or else the function u is bounded and monotonic in ∆k. Let {pn}n∈N be a
sequence of algebraic polynomials with zeros in R such that limn→∞ ZΩ(pn) = ∞.

Let {gn}n∈N be a sequence of complex valued functions in ∆ such that g
(`−1)
n is

absolutely continuous for every n ∈ N and

lim sup
n∈N

max
1≤j≤`

‖g(j)
n ‖L∞(∆) <∞ and lim sup

n∈N
‖g−1

n ‖L∞(∆) <∞ .(11)

Then

lim inf
n→∞

‖ (pngn)
(`)

u‖Lr(∆)

‖p(`)
n gnu‖Lr(∆)

≥ 1 and lim inf
n→∞

‖ (pngn)
(`)

u‖Lr(∆)

‖p(`)
n u‖Lr(∆)

> 0 .(12)

If ` = 1, then (12) remains valid even if the conditions that (i) Ω is a bounded
interval in R and (ii) the zeros of {pn}n∈N are in R, are replaced by (i) Ω is a
bounded domain in C+ and (ii) the zeros of {pn}n∈N are in C+, respectively.

Remark 8. Note that in Corollary 7 we assume that the zeros of {pn}n∈N are real
(and Ω ⊂ R) because, in order to prove it, we need to use Theorem 2 not only with

{pn}n∈N but with {p(j)
n }n∈N for j = 1, 2, . . . , ` − 1 as well. Although, if the zeros

of {pn}n∈N are real, then, by Rolle’s Theorem, limn→∞ ZΩ(pn) = ∞ guarantees

limn→∞ ZΩ(p
(j)
n ) = ∞ for j > 0, still, generally speaking

lim
n→∞

ZΩ(pn) = ∞ 6=⇒ lim
n→∞

ZΩ(p′n) = ∞ , Ω ⊂ C .

For instance, 5 if qn(z)
def
=
∑n

k=1 z
k/k! and pn(z)

def
= qn(anz) where an is the square

root of the absolute value of the smallest (in absolute value) zero of q′n, then, by
Hurwitz’s Theorem (cf. [17, p. 6]), ∞ is the only limit point for the zeros of {p′n}n∈N
since limn→∞ q′n(z) = exp(z) 6= 0 for z ∈ C, whereas

lim
n→∞

Z{z:|z|≤1}(pn) = ∞

since limn→∞ qn(z) = exp(z) − 1 and the function exp(z) − 1 vanishes infinitely
many times on the imaginary line.

The trigonometric analogue of Theorem 2 is the following theorem.

5We thank Peter Borwein for this example.
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Theorem 9. Let 1 ≤ r ≤ ∞, 0 < q <∞, ` ∈ N, and m ∈ N. Let {∆k ⊂ T}mk=1 be
a collection of disjoint bounded intervals of positive length. Let ∆ =

⋃m
k=1 ∆k. Let

u : ∆ → R+, v : ∆ → C, and w : ∆ → R+ be such that w ∈ L1(∆), u is positive
on a subset of ∆ with positive Lebesgue measure, (|v|u)qw ∈ L1(∆), v 6= 0 on a
subset of ∆ with positive Lebesgue measure, and v(`−1) is absolutely continuous in
every closed subinterval of the interior of each ∆k, k = 1, 2, . . . ,m. Assume that
for each k = 1, 2, . . . ,m, either u−1 ∈ L∞(∆k) or else the function u is bounded
and monotonic in ∆k. Let {tn}n∈N be a sequence of trigonometric polynomials with
real zeros such that limn→∞ ZT(tn) = ∞.6 Then

lim
n→∞

‖(tnv)(`)u‖Lr(∆)

‖tnvu‖Lqw(∆)

= ∞ .(13)

Remark 10. Note that in Theorem 9, in contrast to Theorem 2, we deal with
trigonometric polynomials with real zeros only. It remains to be seen whether
Theorem 2 can be extended to trigonometric polynomials with complex zeros.

Definition 11. The set of all polynomials, real polynomials, trigonometric polyno-
mials, and real trigonometric polynomials is denoted by P , Pr, T , and T r, respec-
tively. Given n ∈ Z+, the set of all polynomials, real polynomials, trigonometric
polynomials, and real trigonometric polynomials of degree at most n is denoted by
Pn, Pr

n, Tn, and T r
n , respectively.

Definition 12. The function

f(z) = ω
k∏

j=1

|z − zj |rj , ω > 0, zj ∈ C, z ∈ C, rj > 0,

is called a nonnegative generalized complex algebraic polynomial, that is, f ∈ NGAP,

of degree N =
∑k

j=1 rj , that is, f ∈ NGAPN . Similarly, the function

f(z) = ω

k∏
j=1

∣∣∣∣sin z − zj
2

∣∣∣∣rj , ω > 0, zj ∈ C, z ∈ C, rj > 0,

is called a nonnegative generalized complex trigonometric polynomial, that is, f ∈
NGTP, of degree N = 1

2

∑k
j=1 rj , that is, f ∈ NGTPN . If f ∈ NGAP or f ∈ NGTP

and z0 ∈ R is a zero of f , then the greatest r ∈ R such that f(·)/| · −z0|r ∈ NGAP
or f(·)/| sin((· − z0)/2)|r ∈ NGTP, respectively, is called the multiplicity of z0.

Remark 13. In what follows we will consider both types of generalized polynomials
for real arguments only, and then we can assume without loss of generality that
each zero zj appears in conjugate pairs. For instance, in the algebraic case, just
write

f(x) = ω

k∏
j=1

|x− zj |rj/2|x− zj|rj/2 , x ∈ R,

and in the trigonometric case, write

f(x) = ω

k∏
j=1

∣∣∣∣sin x− zj
2

∣∣∣∣rj ∣∣∣∣sin x− zj
2

∣∣∣∣rj , x ∈ T .

6In other words, limn→∞ deg(tn) = ∞.
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For real arguments both types of generalized polynomials have derivatives every-
where except at their real zeros with multiplicities at most 1. If f ∈ NGAP or
f ∈ NGTP and z0 ∈ R is a zero of f with multiplicity at most 1, then both the
(finite or infinite) left and right derivatives f ′± of f are well defined at z0 and they

have the same absolute values, and in this case we set |f ′| def
= |f ′+|. Therefore, if

f ∈ NGAP or f ∈ NGTP then the (finite or infinite) |f ′| is well defined in R.

The following two theorems with L∞ and Lp Remez type inequalities for gener-
alized polynomials are quite useful.

Theorem 14. There is an absolute constant c ∈ R+ such that

‖f‖L∞(T) ≤
{

exp (c deg(f) s) ‖f‖L∞(T\A) , 0 < s < π/2 ,

exp (c deg(f) | log(2π − s)|) ‖f‖L∞(T\A) , π/2 ≤ s < 2π ,

(14)

holds for every f ∈ NGTP and A ⊂ T with m(A) ≤ s. In particular, given
0 < ε < 2π, there exists a constant cε ∈ R+ such that if m(A) ≤ 2π − ε then the
inequality

‖f‖L∞(T) ≤ exp (cε deg(f) m(A)) ‖f‖L∞(T\A)(15)

holds for every f ∈ NGTP. In other words,

‖f‖L∞(T) ≤ exp (cε deg(f) m( x ∈ T : f(x) ≥ 1 ))(16)

holds for every f ∈ NGTP as long as the measure of the set { x ∈ T : f(x) ≥ 1 } is
less than or equal to 2π − ε.

Remark 15. The case 0 < s < π/2 in (14) was proved in [4, Theorem 2, p. 257],
and the case π/2 ≤ s < 2π in (14) was announced in [3, formula (3.10), p. 174].

Theorem 16. Let χ be a nonnegative and nondecreasing function in R+ such that
χ(·)/(·) is nonincreasing. Let 0 < p < ∞. Given 0 < δ < 2π, there exist two
constants dδ ∈ R+ and Dδ ∈ R+ such that the inequality∫

T
χp(f) ≤ (1 + Dδ exp (dδ p deg(f) m(A)))

∫
T\A

χp(f)(17)

holds for every f ∈ NGTP and for every A ⊂ T with m(A) ≤ 2π − δ.

Remark 17. This theorem is a slight extension of [5, Theorem 8, p. 247], where it
was proved for 7π/4 < δ < 2π.

Generalized polynomials can be estimated in terms of their derivatives by the
following

Theorem 18. Let 1 ≤ p <∞, 0 < N <∞, 0 ≤ Γ <∞, 0 < δ < 2π, f ∈ NGTPN ,
and u ∈ NGTPΓ. Assume that f has at least one real zero such that u does not
vanish at that zero. Let ∆ =

⋃
∆k where (i) the ∆k ⊆ T are disjoint intervals, (ii)

the closure of each ∆k contains at least one zero of f , (iii) δ < m(∆) ≤ 2π, and
(iv)

Γ max
k
|∆k| sup

x∈∆
u(θ)=0

| cot(x− θ)| ≤ 1

2
.(18)
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Then there exist two constants dδ ∈ R+ and Dδ ∈ R+ such that

‖f‖Lpu(T) ≤ 2pmax
k
|∆k| (1 + Dδ exp (dδ p(N + Γ)(2π −m(∆)))) ‖f ′‖Lpu(T) .(19)

The following two corollaries show that the weighted Lp type Bernstein and
Markov inequalities (see, for instance, [12, Theorems 6.16 and 6.19, pp. 163–164],
[13, Theorem 5, p. 242], and [2, Theorem 8.4.7, p. 107]) are sharp for polynomials
with sufficiently uniformly distributed zeros.

Corollary 19. Let 1 ≤ p < ∞, u ∈ NGTP, m ∈ N, and ` ∈ N. Let {tn}n∈N be
a sequence of real trigonometric polynomials with deg(tn) ≤ mn for each n ∈ N.
Assume that there is a constant d ∈ R+ such that for each n ∈ N there is a
partition

⋃
i τin = T where (i) τin ⊂ T are disjoint intervals, (ii) the closure of each

τin contains at least one zero of tn, and (iii) m(τin) ≤ d/n. Then there exists a
constant C ∈ R+ independent of {tn}n∈N such that

lim sup
n→∞

n`‖t(j)n ‖Lpu(T)

nj‖t(`)n ‖Lpu(T)

≤ C , j = 0, 1, . . . , `− 1 .(20)

Corollary 20. Let ∆ ⊂ R be an interval with endpoints, say, a < b, and let

w∆(x)
def
=
√

(b− x)(x − a) for x ∈ ∆. Let 1 ≤ p < ∞, u ∈ NGAP, m ∈ N, and
` ∈ N. Let {pn}n∈N be a sequence of real algebraic polynomials with deg(pn) ≤ mn
for each n ∈ N. Assume that there is a constant d ∈ R+ such that for each n ∈ N
there is a partition

⋃
i τin = [0, π] where (i) τin ⊂ [0, π] are disjoint intervals, (ii)

the closure of each b−a
2 cos(τin) + b+a

2 contains at least one zero of pn, and (iii)
m(τin) ≤ d/n. Then there exists a constant C ∈ R+ independent of {pn}n∈N such
that

lim sup
n→∞

n`‖p(j)
n ‖Lpu(∆)

nj‖w`−j
∆ p

(`)
n ‖Lpu(∆)

≤ C , j = 0, 1, . . . , `− 1 .(21)

In Theorem 18 and Corollaries 19 and 20 we apply Remez type inequalities to
generalized polynomials to obtain estimates in the entire set T for trigonometric
polynomials and in an interval, say ∆, for algebraic polynomials. In the following
theorem and in two of its corollaries we prove similar inequalities for more general
functions with sufficiently many zeros which are valid only on subsets of T or ∆,
though these subsets, generally speaking, are close to T or ∆, and so they are useful
in applications.

Theorem 21. Let

u(z)
def
=

k∏
j=1

∣∣∣∣sin z − zj
2

∣∣∣∣Γj , zj ∈ T, z ∈ T, Γj ∈ R, 2Γ
def
=
∑
j

|Γj | ,(22)

be fixed. Let τ =
⋃
i τi where τi ⊂ T are disjoint intervals. Let 1 ≤ p < ∞ and let

ε > 0. Let f be differentiable almost everywhere in each τi, and let |f |p be absolutely
continuous in each τi. Let the closure of each τi contain at least one zero of f . Let
τik be those intervals τik for which dist(τik , {zj}) ≥ ε. Let ∆ =

⋃
k τik . Then

‖f‖Lpu(∆) ≤ p sup
i
m(τi) exp

(
sup
i
m(τi) Γπ/ε

)
‖f ′‖Lpu(∆) .(23)
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Corollary 22. Let u be given by (22). Let 1 ≤ p < ∞, ` ∈ N, and let {εn}n∈N be

a positive sequence such that lim infn→∞ nεn > 0. Let {fn}n∈N be such that f
(`)
n

exists almost everywhere in T, and |f (`−1)
n |p is absolutely continuous in T for each

n ∈ N. If ` > 1 then we also assume that each fn is real valued. Assume that
there is a constant d ∈ R+ such that for each n ∈ N there is a partition

⋃
i τin = T

where (i) τin ⊂ T are disjoint intervals, (ii) the closure of each τin contains at least
one zero of fn, and (iii) m(τin) ≤ d/n. Then there exist a sequence of open sets
{∆n ⊂ T}n∈N with limn→∞m(T \∆n) = 0 and a constant C ∈ R+ independent of
{fn}n∈N such that

lim sup
n→∞

n`‖f (j)
n ‖Lpu(∆n)

nj‖f (`)
n ‖Lpu(∆n)

< C , j = 0, 1, . . . , `− 1 .(24)

Corollary 23. Let ∆ ⊂ R be an interval with endpoints, say, a < b, and let

w∆(x)
def
=
√

(b− x)(x − a) for x ∈ ∆. Let

u(z)
def
=

k∏
j=1

|z − zj |Γj , zj ∈ ∆, z ∈ ∆, Γj ∈ R ,(25)

be fixed. Let 1 ≤ p < ∞, ` ∈ N, and let {εn}n∈N be a positive sequence such that

lim infn→∞ nεn > 0. Let {fn}n∈N be such that f
(`)
n exists almost everywhere in

∆, and |f (`−1)
n |p is absolutely continuous in ∆ for each n ∈ N. If ` > 1 then we

also assume that each fn is real valued. Assume that there is a constant d ∈ R+

such that for each n ∈ N there is a partition
⋃
i τin = [0, π] where (i) τin ⊂ [0, π]

are disjoint intervals, (ii) the closure of each b−a
2 cos(τin) + b+a

2 contains at least
one zero of pn, and (iii) m(τin) ≤ d/n. Then there exist a sequence of open sets
{∆n ⊂ ∆}n∈N with limn→∞m(∆ \∆n) = 0 and a constant C ∈ R+ independent of
{fn}n∈N such that

lim sup
n→∞

n`‖f (j)
n ‖Lpu(∆n)

nj‖w`−j
∆ f

(`)
n ‖Lpu(∆n)

< C , j = 0, 1, . . . , `− 1 .(26)

2. Proofs of Theorem 2, Corollary 7, and Theorem 9

To prove Theorem 2, we need the following lemma.

Lemma 24. Given a number 0 < p ≤ ∞, an interval ∆ ⊂ R of positive length,
a function σ ≥ 0 with 0 <

∫
∆ σ < ∞, and an integer k ≥ 0, then there exists a

constant B ∈ R+ such that if f : ∆ → R is k-times continuously differentiable in
the interior of ∆, then7

inf
x∈∆

∣∣∣f (k)(x)
∣∣∣ ≤ B ‖f‖Lpσ(∆) .(27)

Remark 25. It would be interesting to find the optimal value of the constant B in
(27) for various classes of functions. For instance, if σ ≡ 1, then it is easy to show
that the optimal value Bopt of the constant B satisfies

Bopt ≤ (k + 1)!

(
2k + 1

|∆|

)k+ 1
p

‖f‖Lp(∆) .

7We emphasize that B is independent of f .
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Remark 26. If k > 0, then inequality (27) no longer holds for all complex valued

functions. To see this, take, for instance, f
def
= exp(iλ·).

Proof of Lemma 24. If k = 0 then for 0 < p < ∞ inequality (27) follows from the
(first) mean value theorem for integrals, whereas for p = ∞ it is straightforward.
Otherwise, we find k + 1 disjoint closed intervals τj ⊂ ∆◦ such that 0 <

∫
τj
σ <∞

for j = 1, 2, . . . , k + 1. By the case k = 0, we can pick k + 1 points xj ∈ τj such
that

|f(xj)| def
= min

x∈τj
|f(x)| ≤ B1,j ‖f‖Lpσ(τj) , j = 1, 2, . . . , k + 1 ,

(B1,j ∈ R+ is independent of f) so that the divided difference

[x1, x2, . . . , xk+1; f ]
def
=

k+1∑
j=1

f(xj)∏
k 6=j(xj − xk)

(cf. [10, formula (1), p. 7]) satisfies

|[x1, x2, . . . , xk+1; f ]| ≤ B2 ‖f‖Lpσ(∆)

(B2 ∈ R+ is independent of f) since minj
∏

k 6=j |xj−xk| ≥ minj
∏

k 6=j dist(τj , τk) >

0. Therefore, inequality (27) follows from the mean value theorem for divided
differences (cf. [10, formula (2), p. 6]).

Proof of Theorem 2 . The basic idea of the proof is to show that if (10) were not
true then there would be a sequence of algebraic polynomials which would converge
to an entire function locally uniformly in C such that (i) this function would not
vanish identically in C, and (ii) it would have infinitely many zeros in a bounded
domain. The details are given as follows.

In view of Hölder’s inequality, it is sufficient to prove (10) for r = 1.

Step 1. We will prove (10 for m = 1 (∆ = ∆1) when u ≡ 1. We can assume that
|v|qw > 0 on a set of positive Lebesgue measure.

If (10) were not true then there would be a sequence of algebraic polynomials
{p̃n}n∈N with zeros in C+ satisfying

(i) lim
n→∞

ZΩ(p̃n) = ∞ , (ii) ‖p̃nv‖Lqw(∆) = 1 ,

(iii) sup
n∈N

‖(p̃nv)(`)‖L1(∆) <∞ .
(28)

We claim that the sequences {p̃nv}n∈N and {(p̃nv)′}n∈N are bounded in L∞(∆)
and L1(∆), respectively, that is,

sup
n∈N

‖p̃nv‖L∞(∆) <∞ and sup
n∈N

‖(p̃nv)′‖L1(∆) <∞ .(29)

Applying Lemma 24 with p = q, k = `− 1, σ ≡ w, and f ≡ <(p̃nv), and using (ii)
and (iii) in (28), we obtain

sup
n∈N

‖<(p̃nv)
(`−1)‖L∞(∆) <∞ ,(30)

and, similarly,

sup
n∈N

‖=(p̃nv)
(`−1)‖L∞(∆) <∞ ,(31)
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that is, (29) holds if ` = 1. If ` > 1, then we can use Lemma 24 repeatedly with
f ≡ <(p̃nv) and f ≡ =(p̃nv) to show that (30) and (31) together with (ii) in (28)
imply

sup
n∈N

‖<(p̃nv)
(k)‖L∞(∆) <∞ , k = `− 2, `− 3, . . . , 0 ,

and

sup
n∈N

‖=(p̃nv)
(k)‖L∞(∆) <∞ , k = `− 2, `− 3, . . . , 0 ,

so that (29) holds for ` > 0 as well.
Using (29), we can apply Helly’s Selection Theorem (cf. [8, p. 56]) to pick a

subsequence {p̃nk}k∈N such that limn→∞ p̃nk(x)v(x) exists for every x ∈ ∆. Let

f(x)
def
= limn→∞ p̃nk(x)1v 6=0(x) for x ∈ ∆.8 By Lebesgue’s Dominated Convergence

Theorem,

1 = ‖p̃nkv‖Lqw(∆) →
k→∞

‖fv‖Lqw(∆) ,(32)

so that f exists and f 6= 0 on a set E ⊂ { t : v(t) 6= 0 } ⊂ ∆ with positive
Lebesgue measure. Thus, by a theorem of B. Ya. Levin in [9, Theorem 2, p. 385]

(cf. [1, Corollary 1.3, p. 110]), the limit fc(z)
def
= limn→∞ p̃nk(z) exists locally

uniformly in C, where fc is an entire function (from the Pólya-Obrechkoff class).
Since limn→∞ ZΩ(p̃nk) = ∞ (cf. (i) in (28)), by Hurwitz’s Theorem (cf. [17, p. 6]),
fc ≡ 0. This contradicts (32), since fcv ≡ fv in ∆. Therefore,

lim
n→∞

‖(pnv)(`)‖L1(∆)

‖pnv‖Lqw(∆)

= ∞.(33)

Step 2. We will prove (10) for m = 1 (∆ = ∆1) when u−1 ∈ L∞(∆). This follows
immediately from what we have already proved in Step 1 applied with uqw in place
of w, since

‖(pnv)(`)u‖L1(∆) ≥ ‖u−1‖−1
L∞(∆)‖(pnv)

(`)‖L1(∆) .

Step 3. We will prove (10) for m = 1 (∆ = ∆1) when u is bounded and monotonic
in ∆. We can assume that u does not vanish inside ∆ since otherwise u would vanish
on a subinterval of ∆ sharing an endpoint with ∆, and then we could replace ∆ by
a smaller interval without changing any of the integrals in (10).

Write ∆ as the union of two intervals, ∆ = ∆′ ∪ ∆′′, where u ∈ L∞(∆′) but
inf∆′ u = 0 and u−1 ∈ L∞(∆′′). If |∆′| = 0 then we are back to Step 2 and,
therefore, (10) holds. Otherwise, we can always assume that |∆′′| > 0, and then

‖(pnv)(`)u‖L1(∆)

‖pnvu‖Lqw(∆)

=
‖(pnv)(`)u‖L1(∆′) + ‖(pnv)(`)u‖L1(∆′′)(
‖pnvu‖qLqw(∆′) + ‖pnvu‖qLqw(∆′′)

) 1
q

≥ 1

2
1
q

min

{
‖(pnv)(`)u‖L1(∆′)

‖pnvu‖Lqw(∆′)
,
‖(pnv)(`)u‖L1(∆′′)

‖pnvu‖Lqw(∆′′)

}
.(34)

We need to prove that

lim
n→∞

‖(pnv)(`)u‖L1(∆′)

‖pnvu‖Lqw(∆′)
= ∞ ,(35)

8Here and in what follows, the characteristic function of a set E is denoted by 1E .
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since by Step 2

lim
n→∞

‖(pnv)(`)u‖L1(∆′′)

‖pnvu‖Lqw(∆′′)
= ∞ .(36)

If (|v|u)qw = 0 a.e. in ∆′, then (35) is certainly true. Now assume that (|v|u)qw > 0
on a set of positive Lebesgue measure in ∆′. If (35) were not true then, analogously
to Step 1, there would be a sequence of algebraic polynomials {p̃n}n∈N with zeros
in C+ satisfying

(i) lim
n→∞

ZΩ(p̃n) = ∞ , (ii) ‖p̃nvu‖Lqw(∆′) = 1 ,

(iii) sup
n∈N

‖(p̃nv)(`)u‖L1(∆′) <∞ .
(37)

As in Step 1, we claim that the sequences {p̃nvu}n∈N and {(p̃nvu)′}n∈N are
bounded in L∞(∆′) and L1(∆′), respectively, that is,

sup
n∈N

‖p̃nvu‖L∞(∆′) <∞ and sup
n∈N

‖(p̃nv)′u‖L1(∆′) <∞ .(38)

To this end we pick a closed interval ∆∗ ⊂ (∆′)◦ such that
∫
∆∗ u

qw > 0. We use
Lemma 27 in the interval ∆∗ with p = q, k = `−1, σ ≡ uqw, and with the functions
f ≡ <(p̃nv) and f ≡ =(p̃nv), to show that for each n ∈ N there are xn ∈ ∆∗ and
yn ∈ ∆∗ such that

sup
n∈N

∣∣∣<(p̃nv)
(`−1)(xn)

∣∣∣ ≤ B∗ ‖p̃nvu‖Lqw(∆∗)

and

sup
n∈N

∣∣∣=(p̃nv)
(`−1)(yn)

∣∣∣ ≤ B∗ ‖p̃nvu‖Lqw(∆∗)

with a constant B∗ <∞, that is, by (ii) in (37),

sup
n∈N

∣∣∣<(p̃nv)
(`−1)(xn)

∣∣∣ ≤ B∗ and sup
n∈N

∣∣∣=(p̃nv)
(`−1)(yn)

∣∣∣ ≤ B∗ .

Since

|(p̃nv)(`−1)(x)| ≤|<(p̃nv)
(`−1)(xn)|+ |=(p̃nv)

(`−1)(yn)|

+

∣∣∣∣∫ xn

x

∣∣∣(p̃nv)(`)∣∣∣∣∣∣∣+ ∣∣∣∣∫ yn

x

∣∣∣(p̃nv)(`)∣∣∣∣∣∣∣ , x ∈ ∆′, n ∈ N,

we have

|(p̃nv)(`−1)(x)u(x)| ≤ 2 B∗ u(x)

+
u(x)

inf
t between x and xn

u(t)

∣∣∣∣∫ xn

x

∣∣∣(p̃nv)(`)u∣∣∣∣∣∣∣
+

u(x)

inf
t between x and yn

u(t)

∣∣∣∣∫ yn

x

∣∣∣(p̃nv)(`)u∣∣∣∣∣∣∣ , x ∈ ∆′, n ∈ N,

that is, ∣∣∣(p̃nv)(`−1)(x)u(x)
∣∣∣ ≤ 2 B∗ u(x)

+ 2 sup
t∈∆∗

(
u(x)

min{u(x), u(t)}

) ∣∣∣∣∫ t

x

∣∣∣(p̃nv)(`)u∣∣∣∣∣∣∣ , x ∈ ∆′, n ∈ N
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(u is monotone between the points x and xn and the points x and yn), so that

sup
n∈N

‖(p̃nv)(`−1)u‖L∞(∆′) ≤ 2 B∗ ‖u‖L∞(∆′)

+ 2

(
1 +

‖u‖L∞(∆′)

inft∈∆∗ u(t)

)
sup
n∈N

∫
∆′

∣∣∣(p̃nv)(`)u∣∣∣ <∞ .

Therefore, in view of (iii) in (37), the inequalities in (38) hold if ` = 1. If ` > 1 then
we can use the above argument with Lemma 24 repeatedly to show that inequality
(ii) in (37), supn∈N ‖(p̃nv)(`−1)u‖L∞(∆′) <∞, implies

sup
n∈N

‖(p̃nv)(k)u‖L∞(∆′) <∞ , k = `− 2, `− 3, . . . , 0 ,

and, therefore, (38) holds for ` > 1 as well.
Now we pick a sequence of closed intervals {Ij}j∈N such that Ij ⊂ (Ij+1)

◦ and⋃
j∈N Ij = (∆′)◦. Then, since u±1 ∈ L∞(Ij) for j ∈ N, by (38),

sup
n∈N

‖p̃nv‖L∞(Ij) <∞ and sup
n∈N

‖(p̃nv)′‖L1(Ij) <∞ , j ∈ N,

so that, by Helly’s Selection Theorem (cf. [8, p. 56]), for each j ∈ N we can pick an

infinite subsequence {nk,j} such that {nk,j} ⊂ {nk,j−1}, where {nk,0} def
= N, and

limn→∞ p̃nk,j (x)v(x) exists for every x ∈ Ij . Let f(x)
def
= limn→∞ p̃nk,k(x)1v 6=0(x)

for every x ∈ (∆′)◦. Then, by (ii) in (37), (38), and by Lebesgue’s Dominated
Convergence Theorem,

1 = ‖p̃nk,kvu‖Lqw(∆′) →
k→∞

‖fvu‖Lqw(∆′) ,(39)

so that f exists and f 6= 0 on a set E ⊂ ∆′ ∩{ t : v(t) 6= 0 } with positive Lebesgue
measure. Thus, just as in Step 1, by B. Ya. Levin’s theorem in [9, Theorem 2,

p. 385] (cf. [1, Corollary 1.3, p. 110]), the limit fc(z)
def
= limn→∞ p̃nk,k(z) exists

locally uniformly in C, where fc is an entire function (from the Pólya-Obrechkoff
class). Since limn→∞ ZΩ(p̃nk,k) = ∞, by Hurwitz’s Theorem (cf. [17, p. 6]), f ≡ 0.
This contradicts (39) since fcv ≡ fv in (∆′)◦. Therefore,

lim
n→∞

‖(pnv)(`)u‖L1(∆)

‖pnvu‖Lqw(∆)

= ∞.(40)

Step 4. The case when m > 1 follows from the case when m = 1, since

‖(pnv)(`)u‖L1(∆)

‖pnvu‖Lqw(∆)

=

∑m
k=1 ‖(pnv)(`)u‖L1(∆k)(∑m
k=1 ‖pnvu‖

q
Lqw(∆k)

) 1
q

≥ 1

m
1
q

min
1≤k≤m∫
∆k

|v|>0

{
‖(pnv)(`)u‖L1(∆k)

‖pnvu‖Lqw(∆k)

}
.

Therefore, we have completed the proof of (10) in its entire generality.
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Proof of Corollary 7. By Leibniz’s rule, we have

‖ (pngn)
(`)

u‖Lr(∆)

‖p(`)
n u‖Lr(∆) ‖g−1

n ‖−1
L∞(∆)

≥
‖ (pngn)

(`)
u‖Lr(∆)

‖p(`)
n gnu‖Lr(∆)

≥ 1−
∑̀
j=1

(
`

j

)‖p(`−j)
n u‖Lr(∆) ‖g(j)

n ‖L∞(∆)

‖p(`)
n u‖Lr(∆) ‖g−1

n ‖−1
L∞(∆)

,

so that, in view of (11), Theorem 2, applied to {p(`−j)
n }n∈N for j = 1, 2, . . . , ` with

v ≡ 1 and w ≡ 1, immediately yields (12).9

Proof of Theorem 9. The proof is essentially the same as that of Theorem 2 with
some modifications. Instead of giving a complete proof we will only concentrate on
the differences between the two proofs.

In view of Hölder’s inequality, it is sufficient to prove (13) for r = 1. Since the
zeros of each tn are real, we can assume that each tn itself is real for n ∈ Z+ as
well. Moreover, since

‖(tnv)(`)u‖L1(∆)

‖tnvu‖Lqw(∆)

≥ 1

2max{1,1/q} min

{
‖(tn<v)(`)u‖L1(∆)

‖tn(<v)u‖Lqw(∆)

,
‖(tn=v)(`)u‖L1(∆)

‖tn(=v)u‖Lqw(∆)

}
,

we can also assume that v : ∆ → R.

Step 1. We will outline the proof of (13) for m = 1 (∆ = ∆1) when u ≡ 1. We
can assume that |v|qw > 0 on a set of positive Lebesgue measure.

If (13) were not true then there would be a sequence of real trigonometric poly-
nomials {t̃n}n∈N with real zeros satisfying

(i) lim
n→∞

ZT(t̃n) = ∞ , (ii) ‖t̃nv‖Lqw(∆) = 1 ,

(iii) sup
n∈N

‖(t̃nv)(`)‖L1(∆) <∞ .
(41)

We claim that

sup
n∈N

‖t̃nv‖L∞(∆) <∞ and sup
n∈N

‖(t̃nv)′‖L1(∆) <∞ .(42)

Applying Lemma 24 with p = q, k = `− 1, σ ≡ w, and f ≡ t̃nv, and using (ii) and
(iii) in (41), we obtain

sup
n∈N

‖(t̃nv)(`−1)‖L∞(∆) <∞ ,(43)

that is, (42) holds if ` = 1. If ` > 1 then we can use Lemma 24 repeatedly with
f ≡ t̃nv to show that (43) together with (ii) in (41) implies

sup
n∈N

‖(t̃nv)(k)‖L∞(∆) <∞ , k = `− 2, `− 3, . . . , 0 ,

so that (42) holds for ` > 0 as well.

9Note that if ` > 1 then, since the zeros of {pn}n∈N are real and limn→∞ ZΩ(pn) = ∞ (Ω ⊂ R),

Rolle’s Theorem yields limn→∞ ZΩ(p
(`−j)
n ) = ∞ for j = 1, 2, . . . , ` − 1, so that Theorem 2 may

indeed be used.
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Using (42), we can apply Helly’s Selection Theorem (cf. [8, p. 56]) to pick a
subsequence {t̃nk}k∈N such that limn→∞ t̃nk(x)v(x) exists for every x ∈ ∆. Let

f(x)
def
= limn→∞ t̃nk(x)1v 6=0(x) for x ∈ ∆. By Lebesgue’s Dominated Convergence

Theorem,

1 = ‖t̃nkv‖Lqw(∆) →
k→∞

‖fv‖Lqw(∆) ,(44)

so that f exists and f 6= 0 on a set E ⊂ { t : v(t) 6= 0 } ⊂ ∆ with positive Lebesgue
measure. Let xL ∈ E be a Lebesgue density point of E, that is, let

lim
h↓0

|(xL − h, xL + h) ∩ E|
2h

= 1

(cf. [14, Theorem, p. 13]). Fix 0 < ε < 1 and pick 0 < h < π such that

|(xL − h, xL + h) ∩ E| > (2− ε)h .

Let Eh
def
= (E − xL) ∩ (−h, h) ∩ (xL − E). 10 Then Eh ≡ E−h and

|Eh| ≥ |E − xL|+ |xL − E| − 2h ≥ (2 − ε)h+ (2− ε)h− 2h = 2h(1− ε) > 0 ,

and, therefore, | arccos(Eh ∩ (0, h))| > 0 as well. Let the sequence of algebraic

polynomials {p̃nk}k∈N be defined by p̃nk(cosx)
def
= tnk(xL + x)tnk(xL − x). Then

limn→∞ p̃nk(cosx) = f(xL + x)f(xL − x) 6= 0 for x ∈ Eh ∩ (0, h), that is, fr
def
=

limn→∞ p̃nk 6= 0 on the set arccos(Eh ∩ (0, h)) ⊂ [−1, 1], which is of positive
measure. Thus, by a theorem of B. Ya. Levin in [9, Theorem 2, p. 385] (cf.

[1, Corollary 1.3, p. 110]), the limit fc(z)
def
= limn→∞ t̃nk(z) exists locally uni-

formly in C, where fc is an entire function (from the Pólya-Obrechkoff class). Since
limn→∞ Z[−1,1](p̃nk) = ∞ (cf. (i) in (41)), by Hurwitz’s Theorem (cf. [17, p. 6]),
fc ≡ 0. This is a contradiction since fc ≡ fr 6= 0 in arccos(Eh ∩ (0, h)). Therefore,

lim
n→∞

‖(tnv)(`)‖L1(∆)

‖tnv‖Lqw(∆)

= ∞.(45)

Step 2. The case when m = 1 and u−1 ∈ L∞(∆) follows from Step 1 the same
way as it does in Step 2 in the proof of Theorem 2.

Step 3. The case when m = 1 and u is bounded and monotonic in ∆ is proved
analogously to Step 3 in the proof of Theorem 2 using the same modifications as
in Step 1, that is, by considering the subsequence

{p̃nk(cos ·) def
= tnk(xL + ·)tnk(xL − ·)}

as opposed to the choice of {p̃nk} in Step 3 in the proof of Theorem 2.

Step 4. The case when m > 1 follows from the case when m = 1 in the same way
as it does in Theorem 2.

Therefore, we have completed the (outline of the) proof of (13) in its entire
generality.

10Here and in what follows, given a set Θ and numbers ρ1 ∈ C and ρ2 ∈ C, we use the notation

ρ1 + ρ2Θ
def
= {ρ1 + ρ2t : t ∈ Θ}.
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3. Proofs of results on generalized polynomials

The proof of Theorem 14 is based on the following lemma.

Lemma 27. There exists a constant c ∈ R+ such that for every closed interval
τ ⊂ T of length π/4 and for every 7π/4 ≤ s < 2π the inequality

‖t‖L∞(τ−π/4) ≤ exp(c deg(t) | log(2π − s)|) ‖t‖L∞(A), t ∈ T r ,(46)

holds for every set A ⊂ τ with m(A) ≥ 2π − s.

Proof of Lemma 27. Without loss of generality we assume τ = [π/4, π/2]. Fix
n ∈ N, 7π/4 ≤ s < 2π, and y ∈ [0, π/4). Let

T r
n (s)

def
= { t ∈ T r

n : m({ x ∈ [π/4, π/2] : |t(x)| ≤ 1 }) ≥ 2π − s } .

A standard compactness argument shows that there exists t∗ ∈ T r
n such that

|t∗(y)| = sup
t∈T r

n (s)

|t(y)| .(47)

We will show that the set

M(t∗)
def
= { x ∈ [π/4, π/2] : |t(x)| ≤ 1 }(48)

is an interval. Clearly, there is m ∈ N such that

M(t∗) =
m⋃
k=1

Mk(t
∗) ,(49)

where the sets Mk(t
∗) are disjoint closed subintervals of [π/4, π/2]. Hence, our job

is to show that m = 1 in (49).
First, we claim that all the zeros of t∗ are real. If not then t∗(ζ) = 0 for some

ζ ∈ C \ R, and then for sufficiently small η1 > 0 and η2 > 0 the polynomial

(1 + η1)t
∗(z)

(
1−

η2 sin2 z−y
2

sin z−ζ
2 sin z−ζ

2

)
also belongs to T r

n (s), which contradicts the extremality of t∗.
Second, we claim that all the zeros of t∗ (more precisely, those which are in

[0, 2π)) lie in [π/4, π/2]. If not then t∗(ζ) = 0 for some ζ ∈ T \ [π/4, π/2], and then
for sufficiently small η1 > 0 and η2 > 0 the polynomial

(1 + η1)t
∗(z)

1−
η2 sgn

(
sin π−2ζ

4

)
sin z−y

2

sin z−ζ
2


also belongs to T r

n (s) which contradicts the extremality of t∗.
Third, we claim that each component Mk(t

∗) in (49) contains at least one zero
of t∗. This follows from the observation that if there is more then one component,
then between consecutive components t∗ has an extremal point so that (t∗)′ van-
ishes there, and, therefore, the the zeros of t∗ and (t∗)′ can interlace only if each
component contains at least one zero of t∗.

Finally, we claim that m in (49) is indeed equal to 1. If not, then let M1(t
∗) and

M2(t
∗) be the closest and the second closest components of M(t∗) to π/4, and let
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ζj denote the zeros of t∗ in M1(t
∗). Then the polynomial

t∗(z)
∏
j

sin
z−ζj−dist(M1(t∗),M2(t

∗))
2

sin
z−ζj

2

also belongs to T r
n (s), which contradicts the extremality of t∗.

Hence, M(t∗) in (48) is an interval so that |t∗| ≤ 1 in an interval of length at
least 2π − s, and then, by [4, Lemma 3, p. 257],

‖t∗‖L∞(T) ≤ T2n (1/ sin(π/2− s/4)) ,

where T2n denotes the first kind Chebysev polynomial of degree 2n, that is, T2n(x)
def
= cos(2n arccosx). Therefore, by routine estimates,

‖t∗‖L∞(T) ≤ exp(cn| log(2π − s)|) ,

with an appropriate absolute constant c > 0. By the extremality of t∗ (cf. (47)),
we obtain

|t(y)| ≤ exp(cn| log(2π − s)|) , t ∈ T r
n (s) .(50)

Finally, pick t ∈ T r and A ⊂ [π/4, π/2] with m(A) ≥ 2π − s. Let n = deg(t).
Then t/‖t‖L∞(A) ∈ T r

n (s), so that (46) in Lemma 27 follows from (50) applied with
t/‖t‖L∞(A) in place of t.

Proof of Theorem 14. The case 0 < s < π/2 in (14) was proved in [4, Theorem 2,
p. 257], and, therefore, we will consider only the case π/2 ≤ s < 2π in (14). Let
A ⊂ T with m(A) ≤ s. Then there is a closed interval τ ⊂ T such that m(τ) = π/4
and m((T \A) ∩ τ) ≥ (2π − s)/8. By Lemma 27, applied with 7π/4 + s/8 in place
of s,

‖t‖L∞(τ−π/4) ≤ exp(c deg(t) | log(π/4− s/8)|) ‖t‖L∞(T\A) , t ∈ T r .

On the other hand, by [4, Lemma 3, p. 257],

‖t‖L∞(T) ≤ T2 deg(t) (1/ sin(π/16)) ‖t‖L∞(τ−π/4) , t ∈ T r ,

where Tn denotes the first kind Chebysev polynomial of degree n, that is, Tn(x)
def
=

cos(n arccosx). Combining the last two inequalities, we obtain

‖t‖L∞(T) ≤ T2 deg(t) (1/ sin(π/16)) exp(c deg(t) | log(π/4− s/8)|) ‖t‖L∞(T\A) ,

t ∈ T r ,

that is,

‖t‖L∞(T) ≤ exp(c∗ deg(t)| log(π/4− s/8)|) ‖t‖L∞(T\A) , t ∈ T r ,(51)

with an appropriate constant c∗ ∈ R+.

If f ∈ NGAP is of the form f(x) = ω
∏k

j=1 |z − zj|rj with rational exponents

rj , say rj = qj/q, where qj ∈ N and q ∈ N, then applying (51) with t
def
= f2q, the

case π/2 ≤ s < 2π in (14) follows with the same constant c
def
= c∗. Once there is

an absolute constant c ∈ R+ such that (14) holds for all f ∈ NGAP with rational
exponents, it can be extended to all f ∈ NGAP by approximating the exponents
with rational numbers. Therefore, inequality (14) has been completely proved.
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Proof of Theorem 16. We will expand and extend the proof of [5, Theorem 8,
p. 251]. Let 0 < p <∞, 0 < δ < 2π, f ∈ NGTP, and A ⊂ T with m(A) ≤ 2π − δ.
Let

s = sδ,A
def
=

2π − δ/2

2π − δ
m(A)(52)

and let cδ/2 be defined by (16) applied with ε = δ/2 . Define

I(f)
def
=
{
x ∈ T : χ(f(x)) ≥ exp

(
− cδ/2 deg(f) s

)
‖χ(f)‖L∞(T)

}
.

If f(x) ≥ exp(− cδ/2 deg(f) s)‖f‖L∞(T) then, since χ is nondecreasing,

χ(f(x)) ≥ χ
(
exp

(
− cδ/2 deg(f) s

)
‖f‖L∞(T)

)
,

and then, since χ(·)/(·) is nonincreasing as well,

χ(f(x)) ≥ exp
(
− cδ/2 deg(f) s

)
χ
(
‖f‖L∞(T)

)
.

Hence J(f) ⊆ I(f), where

J(f)
def
=
{
x ∈ T : f(x) ≥ exp

(
− cδ/2 deg(f) s

)
‖f‖L∞(T)

}
.

We claim that m(J(f)) ≥ s. If not, then there is η > 0 such that

m (x ∈ T : g(x) ≥ 1) ≤ s =
2π − δ/2

2π − δ
m(A) ≤ 2π − δ/2,

where

g
def
= (1 + η) exp

(
cδ/2 deg(f) s

)
‖f‖−1

L∞(T) f,

so that, by (16)

(1 + η) exp
(
cδ/2 deg(f) s

)
= ‖g‖L∞(T)

≤ exp
(
cδ/2 deg(f) m( x ∈ T : g(x) ≥ 1 )

)
≤ exp

(
cδ/2 deg(f) s

)
which leads to the contradiction that η ≤ 0. Thus, m(J(f)) ≥ s, and then
m(I(f)) ≥ s as well, since J(f) ⊆ I(f).

Let

K
def
= (T \A) ∩ I(f) .

Since m(I(f)) ≥ s and m(T \A) = 2π−m(A), we have 2m(K) ≥ s+ 2π−m(A)−
2π = (δ/2)m(A)/(2π − δ) (cf. 52). 11 Therefore,∫

A

χp(f) ≤
∫
A

‖χ(f)‖pL∞(T) = m(A)‖χ(f)‖p∞

≤ 4(2π − δ)

δ
m(K)‖χ(f)‖pL∞(T) =

4(2π − δ)

δ

∫
K

‖χ(f)‖pL∞(T) .

Hence, since K ⊆ I(f),∫
A

χp(f) ≤ 4(2π − δ)

δ
exp

(
cδ/2

2π − δ
2

2π − δ
p deg(f) m(A)

)∫
K

χ(f) ,

11If S1 and S2 are two sets then S1 = (S1 ∩ S2) ∪ (S1 \ S2) and S2 = (S1 ∩ S2) ∪ (S2 \ S1).
Hence, m(S1) + m(S2) = 2m(S1 ∩ S2) + m(S1 \ S2) + m(S2 \ S1), so that 2m(S1 ∩ S2) ≥
m(S1) + m(S2)−m(S1 ∪ S2).
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and, finally, since K ⊆ T \A,∫
A

χp(f) ≤ 4(2π − δ)

δ
exp

(
cδ/2

2π − δ
2

2π − δ
p deg(f) m(A)

)∫
T\A

χ(f) .

Theorem 16 is completely proved.

Proof of Theorem 18. First assume that p = 1. Fix one of the component intervals
in ∆ =

⋃
∆k, say, ∆k0 . Then

f(x)u(x) ≤
∫

∆k0

|(fu)′| , x ∈ ∆k0 ,

so that ∫
∆k0

fu ≤ |∆k0 |
∫

∆k0

|(fu)′| ,

that is, ∫
∆k0

fu ≤ |∆k0 |
∫

∆k0

|f ′|u + |∆k0 |
∫

∆k0

f |u′| ,

where the second term on the right-hand side vanishes if Γ = 0. Hence, for Γ > 0,∫
∆k0

fu ≤ |∆k0 |
∫

∆k0

|f ′|u + |∆k0 | sup
t∈∆k0

|u′(t)|
u(t)

∫
∆k0

fu .

If u is given by

u(z) = ω
∏
j

∣∣∣∣sin z − zj
2

∣∣∣∣rj , ω > 0, zj ∈ C, z ∈ C, rj > 0, 2Γ
def
=
∑
j

rj ,

then, by (18),

|∆k0 | sup
t∈∆k0

|u′(t)|
u(t)

≤ |∆k0 |
∑

j rj

2
sup
t∈∆k0
zj

| cot(t− zj)| ≤
1

2
.

Therefore, for all Γ ≥ 0, ∫
∆k0

fu ≤ 2|∆k0 |
∫

∆k0

|f ′|u .

Since this is true for each component interval of ∆, we obtain∫
∆

fu ≤ 2 max
k
|∆k|

∫
∆

|f ′|u ≤ 2 max
k
|∆k|

∫
T
|f ′|u ,

and then (19) follows immediately from Theorem 16 applied with p = 1 and χ ≡ 1.
Once (19) holds with p = 1, we can use it with f replaced by fp ∈ NGTPpN ,

and then (19) follows for all 1 < p <∞ from Hölder’s inequality.

Proof of Corollary 19.

Step 1. If ` = 1 and j = 0 in (20), then we can apply Theorem 18 after making

the following two observations. First, if tn ∈ T r then f
def
= |tn| ∈ NGTPdeg(tn)

and |f ′| = |(|tn|)′| ≡ |t′n| everywhere except at the zeros of f (cf. Remark 13).
Second, we can choose a constant c1 ∈ R+ such that, if for each n ∈ N we pick only

those intervals τik,n for which dist(τik,n, {zeros of u}) > c1 /n, then ∆k
def
= τik,n
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satisfy (18), and 2π−c2 /n < m(
⋃

∆k) ≤ 2π with an appropriate constant c2 ∈ R+

independently of n.

Step 2. If ` > 1 and j = ` − 1 in (20), then we can apply Step 1 with t
(`−1)
n in

place of tn after observing that if the closure of each τin contains at least one zero

of tn, then, by Rolle’s Theorem, the closure of each
⋃i+2`−2
i∗=i τi∗,n contains at least

one zero of t
(`−1)
n , so that a new set of intervals {τ∗in} can be formed by joining

sufficiently many adjacent ones (or their closures) from the original set {τin} in
such a way that for the new set (i) τ∗in ⊂ T are disjoint intervals, (ii) the closure

of each τ∗in contains at least one zero of t
(`−1)
n , and (iii) m(τin) ≤ d∗ /n with an

appropriate constant d∗ ∈ R+.

Step 3. If ` > 1 and 0 ≤ j < ` − 1 in (20) then we just write the fraction in
(20) as the product of ratios with consecutive derivatives, and use Step 2 with each
term.

Proof of Corollary 20. If j = `− 1 in (20), then it follows immediately from Corol-

lary 19 applied with tn(·) def
= pn

(
b−a
2 cos(·) + b+a

2

)
. Otherwise, we just write the

fraction in (21) as the product of ratios with consecutive derivatives, and apply
what we have proved already to each term.

The following lemma is very simple and very useful.

Lemma 28. Let ∆ =
⋃
k ∆k, where ∆k are disjoint intervals either in R or in T.

Let 1 ≤ p < ∞. Let f be differentiable almost everywhere in each ∆k, and let |f |p
be absolutely continuous in each ∆k. Let the closure of each ∆k contain at least
one zero of f . Let u ≥ 0 be Lebesgue measurable in ∆. Then

‖f‖Lpu(∆) ≤ p sup
k

m(∆k) sup
k

(
‖u‖L∞(∆k) ‖u−1‖L∞(∆k)

)
‖f ′‖Lpu(∆) .(53)

Proof of Lemma 28. Fix one of the component intervals in ∆ =
⋃

∆k, say, ∆k0 .
Then

|f(x)|p ≤ p

∫
∆k0

|f ′||f |p−1 , x ∈ ∆k0 ,

so that ∫
∆k0

|f |pu ≤ p m(∆k0)‖u‖L∞(∆k0
)‖u−1‖L∞(∆k0

)

∫
∆k0

|f ′||f |p−1u .

Now add up these inequalities, and then use Hölder’s inequality to obtain (53).

Proof of Theorem 21. Inequality (23) follows directly from Lemma 28 by observing
that

u(y)

u(x)
= exp

1

2

∑
j

±Γj

∫ y

x

cot
z − zj

2
dz

 ≤ exp (|x− y|Γπ/ dist(τik , {zj}))

for x, y ∈ τik .

Proof of Corollary 22. If ` = 1 and j = 0 in (24), then it follows directly from
Theorem 21. If ` > 1 and j = `− 1 in (24), then we can use Rolle’s Theorem just
as in Step 2 in the proof of Corollary 19. If ` > 1 and 0 ≤ j < ` − 1 in (24), then
we can proceed again as in Step 3 in the proof of Corollary 19.
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Proof of Corollary 23. We just repeat the proof of Corollary 20. That is, if j =

` − 1 in (26) then it follows immediately from Corollary 22 applied with tn(·) def
=

pn
(
b−a
2 cos(·) + b+a

2

)
, and, otherwise, we write the fraction in (26) as the product

of ratios with consecutive derivatives, and apply what we have proved already to
each term.
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